When free vortices are present in the pseudogap region of underdoped cuprates, it is shown that conventional Anderson-Higgs mechanism does not work because the Goldstone field is not an analytic function. However, after decomposing the Goldstone field into longitudinal and transverse components, we find that the former can be eliminated by a special gauge transformation and the gauge field becomes massive, but the latter persists in the theory in any case.
Hamiltonian of a physical system is not an invariance of its ground state, is one of the most important concepts in modern physics [1] . According to the well-known Goldstone theorem [2] , for every spontaneously broken global continuous symmetry there must be a massless particle called Goldstone boson. If we include both local gauge invariance and spontaneous symmetry breaking in the same theory, after a particular gauge transformation the Goldstone bosons disappear and the gauge bosons become massive. This mechanism [3, 4] is usually called Anderson-Higgs mechanism which plays significant roles in both particle physics and condensed matter physics. One simple theory that exhibits the Anderson-Higgs mechanism is the GinzburgLandau phenomenological model of superconductivity [5] . When an Abelian gauge field is introduced the phase of the Ginzburg-Landau order parameter (the Goldstone boson) can be eliminated by an appropriate gauge transformation and the photon absorbs the phase and acquires a nonzero mass, which is interpreted as the Meissner effect in superconductivity. In performing this gauge transformation one crucial requirement is that the phase of the order parameter be an analytic function of space-time variables. This requirement is no doubt satisfied if we assume the phase is unique. However, this assumption may be too strict. Actually, the generally adopted assumption is that the order parameter is single-valued, which allows the phase either to be unique or to change by multiples of 2π after going around some closed path, depending on whether the superconductor is simply connected or not.
In the former case we can always choose a gauge to reduce the phase to zero, but in the latter case it is impossible to do so, as we will show in the context. Therefore the conventional Anderson-Higgs mechanism does not apply to a multiply connected superconductor.
A superconductor may be multiply connected when it has geometrical holes in it or it, being a type-II superconductor, is in the Schubnikov state.
Underdoped cuprates provide the third kind of multiply connected superconductors, in which the holes are caused by thermal phase fluctuations rather than mechanical means or strong external magnetic fields. As argued by Emery and Kivelson [6] , underdoped cuprates, being doped Mott insulators with low superconducting carrier density and a relatively small phase stiffness, will undergo a Berezinskii-Kosterlitz-Thouless (BKT) [7, 8] We begin our discussion with the following Ginzburg-Landau model in two space and one time dimensions
where the complex scalar field φ is the order parameter and
is the covariant derivative. Here m is the effective mass of a electron. The
For α > 0 the system stays in its symmetric phase and for α < 0 vacuum degeneracy and symmetry breaking take place, while the coefficient β is always positive according to the Landau phase transition theory (note that it differs from BKT transition in most aspects).
The Lagrangian (1) is invariant under the local U(1) gauge transformation
where θ (x) is an arbitrary coordinate-dependent function.
In the symmetry breaking case, the ground state occurs at
Expanding the Lagrangian (1) around this ground state, we write the scalar field as
where η (x) and θ (x) are the amplitude and phase fluctuations of the order parameter, respectively. Substituting the expression (5) into the Lagrangian (1), we get
where
The phase field θ (x), which enters the Lagrangian only through its gradient form, represents the massless Goldstone boson arising from symmetry breaking. Its appearance is a natural consequence of the spontaneous breakdown of a continuous symmetry [2] and seems to be a serious obstacle for the search of broken symmetry in nature because it has never been observed. However this obstacle may be overcomed if we introduce gauge invariance into the theory. Using the gauge invariance,
we are able to adopt a special gauge (called the London gauge) to formally remove the phase θ (x) from the theory. In particular, letting
we have
For a simply connected superconductor, the phase θ (x) is an analytic function and it satisfies the equation
so the first term of (8) can be written as the original form ∇θ is not irrotational,
It is obvious that in this case Eq. (9) is not satisfied. So, the first term of (8) can not be written as 1 4 F µν F µν . This is the reason why in a multiply connected superconductor it is impossible to choose a gauge where φ (x) is real. However in the pseudogap region of underdoped cuprates, the phase θ can be decomposed into two parts [10] 
It is a well-known fact that the longitudinal and transverse components can be separated completely and there are no crossover terms in the action of the phase. Now, using equation (11)- (13) and the fact that the longitudinal and transverse components of θ are independent of each other, we can make the following special gauge transformation
Since Eq.(12) tells us that
It can be seen from the Lagrangian that the longitudinal component as follows
where µ = −αe 2 /mβ and ζ = αe/mβ. In deriving the above equation,
we have used the equality ∇ · ∇θ v = 0. The equation for A without the inhomogeneous term is just the equation of the massive photon. In the case of a singly quantized vortex, the curl of the gradient of transverse component can be written as
whereẑ is a unit vector perpendicular to the plane. Since
we obtain the equation for magnetic field
When the inhomogeneous term in the right-hand side of (19) is absent, we Nielsen and Olesen [16] suggested the Lagrangian (1) be a possible field theory that may contain a dual string structure, but they did not discuss the possibility of the decomposition (11) of the phase. It would be a very interesting task to find more physical systems where the decomposition (11) may be possible other than the underdoped cuprates discussed in this paper.
Since vortices and transitions of BKT type are present in many systems, we believe the extended Anderson-Higgs mechanism is a general phenomenon in nature.
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